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Energy extraction and waste storage in geological formations raise interest in developing 
systematic and reliable calibration methods to assess rock models performance. A 
methodology is proposed to improve damage prediction in sandstone, based on Finite 
Element simulations coupled with the Bayesian paradigm. To illustrate this methodology, 
parameters of a Continuum Damage Mechanics model are defined as random variables. 
(1) First, probability density functions are formulated for each parameter (expert’s 
judgement) and sampled later independently to simulate likely random sandstone 
responses during a triaxial compression test (forward problem). (2) Second, experimental 
data is introduced (new evidence available), which allows updating the probability 
distributions depicting the model parameters (inverse problem). Results show that it is 
possible to quantify the impact of experimental evidence into the rock characterization, 
and that correlations between all rock damage parameters can be retrieved. Mechanically 
speaking this means that: (a) similar accuracy in the prediction of damage might be 
achievable with less model parameters, (b) and the input of energy released to initiate 
crack propagation is contingent upon conditions external to the model (e.g., initial texture 
of the rock). Results from this investigation provide promising applications of the 
probabilistic calibration approach to damage models in multi-phase porous media. 
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List of notation 
 
CDM Continuum Damage Mechanics 
REV Representative Elementary Volume 
PDF Probability Density Function 
RV Random Variable 
Ψ  rock solid matrix’s Helmholtz free energy 
D damage tensor 
VDZ zone of influence of damage 
Πfrac  potential energy of a fracture 
A surface area of a fracture 
nk normal direction of the k-th penny-shaped crack 
dk volumetric fraction of the k-th penny-shaped crack 
N number of cracks in the REV 
E r,n( )  mathematical expectancy of the presence of a crack of radius r and normal direction n 
Wext work supplied by external forces to the REV 
Π  potential energy stored in the REV 
Q heat transmitted to the REV 
Ui energy dissipated due to irreversible microstructure changes 
Y energy release rate (to open cracks) / affinity 
εE  elastic deformation tensor 
εel  purely elastic deformation (in the absence of stiffness damage) 
εed  elastic deformation caused by stiffness damage 
εid  irreversible damaged deformation 
Cref stiffness tensor of the virgin material (prior to loading) 
C(D) damaged stiffness tensor 
E rock Young’s modulus 
gM resistance to crack closure 
C0 initial damage threshold 
C1 hardening parameter 
θ  vector of (unknown, sought) parameters 
dobs vector of observed data 
π θ( )  probability of θ  (prior) 
f d
obs
θ( )  probability of  dobs knowing θ  (likelihood) 
 π θ d







With the anticipated 50% increase in energy demand in the next 30 years, optimization of low-
carbon emission fuel cycles has become a research priority for the twenty-first century. 
Spending less energy to build and maintain the infrastructure is one way to reduce emissions. 
This paper focuses on rock damage mechanics, which can be of interest for further research in 
geotechnical infrastructure reliability and performance assessment. Damage has to be defined 
relative to a reference state. Measures of damage depend on standards considered as relevant 
observation tools by the modeller. Prediction of damage is indirect (Arson & Gatmiri, 2008; 
Arson et al., 2012), and requires the selection of state and dissipation variables relevant to 
describe the anticipated “degradation” (e.g. deformation, stiffness, strength, wave velocity). 
Model formulation shall be dictated by principles and theories (e.g., thermodynamics, elasticity, 
micro-mechanics). Within a consistent theoretical framework, several formulations can be 
acceptable, and choosing the most relevant formulation may be impossible with a pure 
deterministic approach. In order to optimize mechanical damage formulation and calibration, it is 
proposed herein to combine principles of thermodynamics and the theory of Continuum 
Damage Mechanics (CDM) with the Bayesian paradigm (Medina-Cetina, 2006). The main 
characteristics and models of rock damage reported in the literature are summarized in Section 
2. Section 3 presents a methodology to improve CDM predictions, based on Finite Element 
simulations coupled to Bayesian probabilistic analyses. To illustrate the concept of this 
methodology, four parameters of the rock damage model presented in (Arson and Gatmiri, 
2010; 2012) were set as random variables. Results are presented in Section 4 where 7,000 
parameters realizations were sampled in order to: (1) simulate likely responses of a sandstone 
subjected to a triaxial compression test, based on prior expert’s judgement only, and (2) 





2. Damage Characterization and Prediction in Rock 
 
2.1. Rock Damage Characterization 
In many energy geotechnical applications such as carbon dioxide sequestration (Xu et al., 
2004), disposal of nuclear waste (Bonin, 1998; Gens et al., 1998; Blumling et al., 2007), storage 
of compressed air and natural gas (Cosenza et al., 1999; Slizowski and Walaszczyk, 2004), 
extraction of geothermal energy (Auqué et al., 2009), stress concentrations result from the 
displacement of the boundaries of a large discontinuity (typically: a cavity, a tunnel, a well bore, 
or a hydraulic fracture), which originates micro-cracks (Guéguen et al., 1996; Zimmermann et 
al., 2003). Underground laboratories are used to characterize rock mechanical, acoustic, and 
hydraulic properties in the Excavation Damaged Zone (e.g., Souley et al., 2001; Martino and 
Chandler, 2004; Tsang et al., 2005). Laboratory scale assessment of rock mechanical damage 
usually combine loading and unloading cycles with acoustic emissions, flow tests, porosimetry 
and/or imaging (e.g., Chan et al., 2001; Homand et al., 2002; Bera et al., 2011). Thermo-
mechanical damage is usually assessed by performing temperature-controlled mechanical 
loading cycles, by conducting a heating phase followed by a mechanical loading, or by 
performing a heating phase followed by a relaxation period. Most of the published experimental 
results focus on rock compressive strength (see Zhu and Arson, 2014 for a literature review). 
Chemo-mechanical damage requires modeling frameworks that go beyond the framework of 
Continuum Damage Mechanics, because of the changes of pore shape and rock fabric induced 
by dissolution and precipitation (e.g. Raj, 1982; Spiers et al., 1990; Senseny et al., 1992). 
 
2.2. Models of Transfer in Damaged Rock 
Connections between cracks imply hydraulic crack interaction (i.e. enhanced permeability), but 
not necessarily mechanical crack interaction, especially if cracks are randomly oriented and if 
the distribution of cracks is dense (Schubnel et al., 2006). As a result, different damage 
variables have to be defined to capture different damage effects, such as permeability 
enhancement and stiffness degradation (Maleki and Pouya, 2010). Most of the damage models 
proposed for unsaturated porous media (such as rock and concrete) are based on Bishop’s 
effective stress concept (Arson and Gatmiri, 2008). A damaged rigidity couples total stress to 
deformation, while the partial porosities are related to pore pressures through undamaged poro-
elastic potentials. Damage thus remains uncoupled from fluid effects (Shao et al., 2005). 
Transfers in cracked porous media were extensively modelled with fracture network theories. 
The differences between such models lie in the number of represented continua and in the way 
fluid exchanges between media are taken into account (Durner, 1994; Vogel et al., 2000). Most 
fracture network models are restricted to the resolution of flow problems in a non-deformable 
matrix. Several models couple rock microstructure evolution to bulk partial porosities, which 
improves the prediction of permeability and retention properties in multi-modal porous networks  
(Garcia-Bengochea et al., 1979; Van Genuchten, 1980; Rieu and Sposito, 1991; Blunt, 2001; 
Romero and Jommi, 2008), including networks comprising natural pores and cracks (Arson, 
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2012; Arson and Pereira, 2013). Another approach consists in using tessellation techniques to 
measure the volume available for the flow from the knowledge of the surface area of the porous 
network, which can be computed by distinct element methods (Zangeneh et al., 2012). 
 
2.3. Models of Rock Damage Mechanics 
2.3.1. Micro-mechanical models 
Micro-mechanical damage models (Pensée et al., 2002; Dormieux et al., 2006; Zhu et al., 2007; 
Levasseur et al., 2011) assume that rock Representative Elementary Volume (REV) is 
populated with a distribution of cracks characterized by a specific shape (usually, spherical, 
penny-shaped or ellipsoidal cracks). Assumptions on the shape and density of cracks allow 
expressing explicitly the strain concentration tensor, to further derive the theoretical expression 
of the Helmholtz free energy of the rock solid skeleton. For dilute distributions of cracks, the 
self-consistent method proved to provide an efficient scheme to model the loss of stored elastic 
deformation energy induced by cracking. If microscopic cracks open in pure mode I, i.e. if the 
crack displacement vector is parallel to the vector normal to the crack planes, the only damage 
variable needed to express the dissipation of energy associated to the degradation of elastic 
moduli is the second-order crack density tensor, defined by Kachanov (1992) as: 
D = dk  nk ⊗  
k=1
N
∑ nk  
1. 
In which the REV is assumed to contain N planar cracks with a normal direction nk and a 
volumetric fraction dk. Mixed crack propagation modes (inducing a non-zero tangential 
displacement at crack faces) require higher damage tensors – at least of order four (Chaboche, 
1992; Halm and Dragon, 1998; Cauvin and Testa, 1999). Increasing the order of the damage 
tensor generally improves the compliance of the model to symmetry properties required for the 
elasticity tensor (Lubarda and Kracjinovic, 1993). In fact, the second-order density tensor 
emerging from micro-mechanical analyses is a particular form of Oda’s fabric tensor, commonly 








∫  n⊗ n dndr  
2. 
In which E r,n( )  is the mathematical expectancy of the presence of a crack of radius r and 
normal direction n in a REV of size VREV. A direct relationship can be established between fabric 
tensors and rock stiffness tensor (Cowin, 1985; Lubarda and Krajcinovic, 1993). The key issue 
is to choose relevant microstructure descriptors (Lu and Torquato, 1992; Lecampion, 2010) and 





2.3.2. Continuum-based, thermodynamic models 
At the scale of the REV, the first law of thermodynamics writes: 
Wext =Π+Q+Ui  
3. 
In which Wext is the work supplied by external forces, Π is the potential energy stored in the REV 
(including: the potential for elastic deformation and the potential for surface energy release 
during crack opening), Q is the heat transmitted to the REV under the action of the external 
forces, and Ui is the energy dissipated due to irreversible microstructure changes within the 
REV. In the absence of microstructure changes, damage is work-conjugate to the energy 
release rate (noted Y and also called affinity in fracture mechanics) through the potential 
energy. However, if microstructure changes occur in the REV, the stored potential energy of the 
rock is not entirely available for the creation of additional material surfaces. Assuming for 
instance that the driving force responsible for irreversible microstructure changes is proportional 




≠Y,    − ∂Π
∂D
=Y+ gMε  
4. 
In the following, gM is called the “resistance to crack closure”, because -gMD actually represents 
the amount of compression stress needed to completely close cracks open in tension - in 
addition to the “compression” associated to the relaxation of tensile stress. As a result, the 
expression of the free energy of the rock solid skeleton is sought in the form: 
Ψ =Π− gMε :D  
5. 
The Continuum Damage model formulation described above relies on a minimal number of 
energetic postulates, since the flow of irreversible deformation associated to microstructure 
changes depends on the damage flow rule (Arson and Gatmiri, 2012). The expressions of the 
free energy, the damage criterion and the damage potential are the only three requirements 
needed to close the formulation (in fact only two postulates are needed for associate flow rules, 
for which the damage potential is equal to the damage yield function). The low number of 
functions postulated in the model is expected to reduce the number of material parameters 
needed to describe crack-induced anisotropy in stiffness and deformation. Even so, model 
calibration by experimental stress/strain curves is not straightforward: each new data point adds 
as many equations as additional unknowns, so that the calibration process as a whole requires 






3. Rock Damage Prediction Method: CDM and the Bayesian Paradigm 
 
3.1. Uncertainty Quantification of Damage Predictions 
It is proposed herein to couple the Finite Element Method to a probabilistic computational 
engine in order to overcome model formulation and calibration problems encountered in 
damage rock mechanics. To illustrate the methodology, simulations were performed by using 
the “THHMD” Continuum Damage Mechanics model (Arson and Gatmiri, 2010; 2012) 
implemented in Theta-Stock Finite Element program (Gatmiri and Arson, 2008). The damage 
variable is defined as the second-order crack density tensor (equation 1). The main 
thermodynamic postulates at the foundation of the THHMD model are summarized in Table 1.  
 
Table 1. Mechanical constitutive equations in the THHMD model (Arson and Gatmiri, 2012). 
 
The free energy follows the form of equation 5. For a purely mechanical problem (no capillary or 




=C D( ) :ε − gMD  
6. 
For instance, if damage is induced by tensile stress, a bare unloading to zero tensile stress will 
not produce a state of zero-deformation. To close all the cracks open due tensile damage, it is 
necessary to apply a compression stress equal to -gMD. The principle of strain decomposition 
adopted in the THHMD model is illustrated in Figure 1. 
 
Figure 1. Sketch of a typical stress-strain curve predicted with the THHMD model for a purely 
mechanical problem. Deformation is decomposed into three components: (1) the purely elastic 
strain (εel),	   which would be obtained in the absence of damage, (2) the additional elastic 
deformation (εed)	   induced by the reduction of stiffness with damage, and (3) the irreversible 
deformation resulting from the residual crack opening (εid). Eref denotes the reference Young’s 
modulus, and E(D) is the damaged Young’s modulus. 
 
Because the damage variable represents the average volume occupied by cracks in the 
principal directions of stress, the THHMD variable does not capture non-local mechanical 
effects. However, the gM parameter may be viewed as a scaling parameter similar to an internal 
length (Arson and Gatmiri, 2008). Moreover, the computation of the damaged permeability 
tensor requires some assumptions on rock fabric (such as the ratio between crack aperture and 
crack length), and a relationship has to be established between crack density and crack 
geometric parameters. As a result, damaged permeability in the THHMD model is scaled by the 
REV size. The consequent mesh dependency observed for permeability in FEM needs to be 
regularized in order to capture the inherent non-local effects of micro-crack propagation on REV 
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flow properties (Arson, 2012). Relating pore and crack size distributions to intrinsic permeability 
provides the necessary multi-scale framework to do so (Arson and Pereira, 2013), but further 
developments are needed to properly relate macroscopic percolation thresholds to micro-crack 
connectivity. The following probabilistic calibration focuses on mechanical damage parameters. 
Only the mechanical degrees of freedom were activated in the simulations performed with 
Theta-Stock. 
 
The Finite Element algorithm of the THHMD model was incorporated in a computation code 
dedicated to probabilistic modelling (Medina-Cetina et al., 2007). Four damage parameters 
(listed in detail below) were considered as random variables, and two types of simulations were 
performed: 
1. Case I: no observation data is available (forward problem). Probability density functions 
were assigned to the random variables, according to “expert’s judgement” - even when 
there is no existing evidence or previous experience on the use of one particular 
parameter, it is always possible to assign a non-informative probability distribution to it. 
Model performance was assessed from the predictions obtained while solving the 
“forward problem”, using Monte-Carlo simulations. 
2. Case II: experimental data is made available (inverse problem). The Bayesian theory 
was used to update the model parameters. 
 
3.2. Probabilistic Calibration via the Bayesian Paradigm 
One of the major challenges for the implementation of geomechanical models is the proper 
characterization of the model’s parameters. In practice, the parameterization of advanced 
geomechanical models is commonly formulated as an optimization problem, where an objective 
function is defined to minimize the trade-off between the experimental observations and the 
corresponding model predictions. The result is given in the form of a single vector of model 
parameters –containing the “optimal” set of parameters. Furthermore, most of the current 
calibration processes imply that the data used to define the optimal set of model parameters is 
fully certain, and that the amount and location (in space and time) of data used for the 
calibration has no impact on the selection of the model parameters. It is also common to 
disregard the uncertainty carried by the model predictions due to inherent limitations on the 
theory supporting it, providing little ground to define the optimal degree of model complexity. 
That is the reason why it is proposed to use the Bayesian paradigm (Medina-Cetina, 2006) to 
calibrate the parameters of the THHMD model introduced above. The Bayesian approach 
makes inferences founded on statements that convey the integration of two main sources of 
information: the prior, derived from previous knowledge about the parameters; and the 
likelihood, based on the inferences assimilated by the data itself. Both of these are expressed in 
the form of probability density functions, which combined give a conditional joint probability 
function called posterior, which is itself the solution to the co-called “inverse problem”. The 
Bayes’ theorem defines the solution to the inverse problem as (Robert and Casella, 2004): 
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π θ dobs( ) =
f dobs θ( )π θ( )
f dobs θ( )π θ( )dθ∫
 
7. 
In which dobs is a vector containing observations, θ  is the sought vector of model parameters, 
π θ( )  is the prior, f dobs θ( )  is the likelihood ; and π θ dobs( )  is the posterior. The integration of 
the posterior becomes a challenge for a multivariate and multi-level Bayesian definition due to 
the number of samples needed to converge to the target joint probability density function of θ . 
To overcome this problem, it is proposed to use the Markov Chain Monte Carlo (MCMC) 
method, which is a numerical procedure that allows for the sampling of a posterior. An important 
property of the MCMC method is that it converges to the target joint density as the sample 
grows. The decision rule that selects the samples is the Metropolis-Hastings rule (M-H), which is 
a generalized form of the Metropolis and Gibbs methods (Robert and Casella, 2004). It is worth 
noticing that the added value on the calibration of constitutive models relies on the efficient 
implementation of the Bayesian inference to assess first and second order statistics from the 
posterior, which leads to a systematic and reliable performance assessment of the proposed 
model. Moreover, any changes or ‘interventions’ executed after the probabilistic calibration are 
now traceable by comparing the effect of the ‘updating’ feature of the Bayesian paradigm (e.g. 








4.1. Description of the Calibration Problem 
A triaxial compression test performed on sandstone was simulated. Zero vertical displacements 
were imposed at the bottom (fixed basis), and zero lateral displacements were imposed along 
the axis of the sample (axis-symmetric conditions). The confining pressure was first raised from 
0 to 15 MPa on both the lateral and top external boundaries (isotropic confining phase). Then, 
the confining pressure was maintained at the external lateral boundary, while the axial stress 
was increased up to failure at the top boundary. Observation data used for “Case II” described 
above consisted of experimental stress/strain curves reported in (Dragon et al., 2000). For 
simplicity, the applicability of the probabilistic method described above was tested for 
experimental observations 𝐝!"# that consisted of points taken from the plot of stress against 
axial strain curve only. It is anticipated that the inclusion of data points from the volumetric strain 
curve would modify the posterior and reduce the uncertainty of the model performance. 
However, there is in general little experimental evidence on the variability of the volumetric 
response of geomaterials, which makes it challenging to determine an informative covariance in 
the likelihood function. A hyper-parameter addressing the unknown degree of variability of the 
volumetric response would actually have to be defined. This latter analysis is out of the scope of 
this paper, but it will be considered in future investigations by the authors. Note that even if 
volumetric strains were not included in the observation data used for the probabilistic 
calibration, the THHMD model can capture anisotropic damage effects on stiffness and 
deformation in sandstone subjected to triaxial compression loading, and predict the subsequent 
crack-induced dilatant behaviour of damaged rock (e.g., Arson and Gatmiri, 2011). Figure 2 
gathers stress-strain plots obtained with the THHMD model that were fitted to the experimental 
data used as prior in the proposed analysis, before performing the probabilistic calibration. 
Numerical results show that under axial compression, cracks open in planes containing the axial 
direction of loading: crack opening induce tensile strains in the radial direction and compression 
strain in the axial direction. Overall, compression-induced damage results in an increase of REV 
volume, i.e., in dilatant volumetric deformation. 
 
Figure 2. Triaxial Compression Test performed on Sandstone under a Confining Pressure of 15 
MPa. Plot of Axial, Radial and Volumetric Deformation against Deviatoric Stress: (1) Obtained in 
the Experiment Reported in (Dragon et al., 2000) – dots; (2) Obtained by Finite Element 
Simulation with the THHMD Model Before Probabilistic Calibration – solid lines. 
 
4.2. Solution of the Forward and Inverse Problems 
In all the simulations presented in this paper, the Poisson’s ratio of the undamaged material was 
taken equal to 0.2 (according to Dragon et al., 2000). Four material parameters were set as 
random variables: Young’s modulus of the undamaged sandstone (E), the mechanical 
resistance to crack closure (gM), the initial threshold required to trigger damage (C0) and the 
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hardening parameter (C1). The corresponding probability density functions are provided in Table 
2. Note that the stress/strain curves shown in Figure 2 actually illustrate the behaviour of 
sandstone for the mean values of the constitutive parameters of interest. 
 
Table 2. Probability Density Functions (P.D.F.) assigned to the Damage Parameters (Random 
Variables R.V.) 
 
The forward problem (Case I, expert’s judgment) and the inverse problem (Case II, 
experimental observations) were solved for 7,000 realizations of the model, with the vector of 
model parameters defined as: { }10 ,,, CCgE M=θ . When comparing results from the solution of 
both problems, it is observed that “informing” the damage model with experimental data strongly 
influences the cumulative probability density functions of Young’s modulus, the resistance to 
crack closure, and the damage “hardening parameter” (Fig.3.a, b & d): in “Case II”, the 
probability density functions of E, gM, and C1 show indeed a significant reduction on uncertainty 
(i.e. cumulative probability density functions exhibit steeper slopes). On the other hand, the 
prediction of the initial damage threshold C0 does not seem to be affected by the observation 
data introduced in the Bayesian method in terms of uncertainty reduction (Fig.3.c): the 
probability density function of C0 gets only shifted to higher values. Mechanically speaking, this 
means that the energy that needs to be released to initiate crack propagation is contingent upon 
conditions external to the model - the initial texture of the rock for instance. In summary, the 
analysis of the cumulative probability functions shows that in general, the introduction of 
experimental observations improves model predictions and reduces the uncertainty on the value 
of the model parameters. As a result, the bundle of stress/strain curves obtained for Case II is 
contained in a narrower band than for Case I (Figure 4). 
 
Figure 3. Cumulative density functions of the random variables studied in the present damage 
model analysis. Case I refers to the forward problem (based on experts’ judgement). Case II 
refers to the inverse problem (using experimental data). 
 
Figure 4. Stress/strain predictions for the triaxial compression test simulated (deviatoric stress 
versus axial deformation). Dots represent the observation data taken from (Dragon et al., 2000). 
Solid lines are the numerical predictions obtained in the forward problem. 
 
4.3. Parameter Correlations 
One of the most striking benefits of the use of the Bayesian paradigm to solve the inverse 
problem is the possibility to retrieve the correlation structure between the model parameters. 






4.2.1. Joint probability of E and gM (Fig.5.a). 
For a given state of stress, tensile strains are expected to be higher for lower values of Young’s 
modulus. To get the same damage predictions, a decrease of Young’s modulus has to be 
compensated by a decrease of the absolute value of gM (see the expression of the damage 
function in Tab.1). In addition, tensile strains should be inversely proportional to E and gM (by 
construction of the model). Therefore a linear correlation is expected between E and gM. The 
results shown in Fig.5.a. are in agreement with this statement, especially for low values of 
Young’s modulus (ρ=0.3), i.e. for weaker materials. 
 
4.2.2. Joint probability of E and C1 (Fig.5.b). 
The stress boundary conditions are fixed in the problem. Therefore, if E is decreased (with a 
variable C1), the amount of damage measured in the experiment can only be predicted 
accurately if C1 is increased. Physically, this means that it is easier to damage the sample as E 
gets smaller, but this effect can be compensated by rock hardening (when C1 gets higher). The 
resulting correlation between E and C1 is linear, for the same reasons as above (for E and gM). 
 
4.2.3. Joint probability of gM and C1 (Fig.5.c). 
The correlation between E and gM on the one hand, and between E and C1 on the other hand, 
justify the correlation between gM and C1 observed in Fig.5.c. Indeed, increasing the value of the 
resistance to crack closure gM increases the probability of damage propagation. This effect is 
compensated by damage propagation itself (controlled by parameter C1): a weaker, damaged 
material is less brittle than the virgin material. 
 
Figure 5. Relative Frequency Maps of the correlated random variables: (a) Young’s modulus E 
and resistance to crack closure gM; (b) Young’s modulus E and hardening parameter C1; (c) 
resistance to crack closure gM and hardening parameter C1. 
 
4.2.4. Correlations between C0 and the other parameters under study (Fig.6). 
C0 only controls the initiation of damage. Once the material has started to crack, the evolution of 
damage is controlled by gM, C1 and elastic parameters (Young’s modulus, Poisson’s ratio). 
Figure 6 shows that indeed, there is no correlation between C0 and the three other material 
parameters studied in this example. 
 
Figure 6. Relative Frequency Maps showing the absence of correlation between the initial 
damage threshold C0 and: (a) the hardening parameter C1; (b) Young’s modulus E; (c) the 








A probabilistic approach was adopted to calibrate a Continuum Damage Mechanics model 
suitable for rocks. The constitutive equations derive from a postulated free energy potential, 
capturing changes of stiffness and deformation due to crack propagation. Four damage 
parameters were set as random variables to simulate a triaxial compression test: Young’s 
modulus E, the resistance to crack-closure gM, the initial damage threshold, C0 and the 
hardening parameter C1. Two sets of realizations of { }10 ,,, CCgE M=θ  were generated: (1) first 
by solving the forward problem (Case I), in which the probability density functions used for the 
random variables are chosen according to expert’s judgement; (2) second, by solving the 
inverse problem (Case II), in which experimental observations are made available for the 
updating of the parameters definitions. Results confirm that introducing evidence from 
experimental observations in the calibration process increases the model performance and 
reduces the uncertainty of the predictions. 
 
Developing efficient computational tools to predict damage is critical to diagnose structural 
failures or to make technical recommendations about retro-fitting practices. The behaviour of 
geomaterials used in construction (rock and concrete for instance) requires complex constitutive 
models, accounting for diverse types of discontinuities and material heterogeneities. This 
research work aims to minimize the number of postulates and model parameters involved in 
damage models. Joint probability maps presented in this paper highlight the correlations 
between parameters E, gM and C1 (respectively: Young’s modulus of the virgin material, 
resistance to crack closure, and hardening parameter). These correlations result from the form 
of the damage evolution function and indicate that a similar accuracy in the prediction of 
damage might be achievable with less than three parameters. C0 (the initial damage threshold) 
influences damage initiation, but does not play any role in damage growth, which explains the 
absence of correlation between C0 and the other parameters. Mechanically speaking, this 
means that the energy that needs to be released to initiate crack propagation is contingent upon 
conditions external to the model - the initial texture of the rock for instance. Therefore it may be 
necessary to complement mechanical loading tests by microstructure observation to fully 
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Figure 1. Sketch of a typical stress-strain curve predicted with the THHMD model for a purely 
mechanical problem. Deformation is decomposed into three components: (1) the purely elastic 
strain (εel),	   which would be obtained in the absence of damage, (2) the additional elastic 
deformation (εed)	   induced by the reduction of stiffness with damage, and (3) the irreversible 
deformation resulting from the residual crack opening (εid). Eref denotes the reference Young’s 
modulus, and E(D) is the damaged Young’s modulus. 
 
Figure 2. Triaxial Compression Test performed on Sandstone under a Confinement Pressure of 
15 MPa. Plot of Axial, Radial and Volumetric Deformation against Deviatoric Stress: (1) 
Obtained in the Experiment Reported in (Dragon et al., 2000) – dots; (2) Obtained by Finite 
Element Simulation with the THHMD Model Before Probabilistic Calibration – solid lines. 
 
Figure 3. Cumulative density functions of the random variables studied in the present damage 
model analysis. Case I refers to the forward problem (based on expert’s judgement). Case II 
refers to the inverse problem (using experimental data). 
a. Young’s modulus E. 
b. Resistance to crack closure gM. 
c. Initial damage threshold C0. 
d. Damage hardening parameter C1. 
 
Figure 4. Stress/strain predictions for the triaxial compression test simulated (deviatoric stress 
versus axial deformation). Dots represent the observation data taken from (Dragon et al., 2000). 
Solid lines are the numerical predictions obtained in the forward problem. 
a. Case I (expert’s judgement). 
b. Case II (experimental data). 
 
Figure 5. Relative Frequency Maps of the correlated random variables: (a) Young’s modulus E 
and resistance to crack closure gM; (b) Young’s modulus E and hardening parameter C1; (c) 
resistance to crack closure gM and hardening parameter C1. 
 
Figure 6. Relative Frequency Maps showing the absence of correlation between the initial 
damage threshold C0 and: (a) the hardening parameter C1; (b) Young’s modulus E; (c) the 







Table 1. Mechanical constitutive equations in the THHMD model (Arson and Gatmiri, 2012). 
Functional Postulated Expression 
Free Energy ψ 
ψ ε,D( ) = 1
2
ε :C D( ) :ε − gMε :D
 
Damage function fd 
fd ε,Y1
+( ) = 12Y1
+ :Y1
+ −C0 −C1Tr D( ),    Y1+ = −gMε+  
Deformation Component Definition 
Purely Elastic εel  with: εE=εel+εed ε el =Cref
-1 :σ  
Elastic Damaged εed ε ed = C D( )−1 −Cref-1"#
$
% :σ  
Irreversibly damaged εid ε id =C D( )−1 : −gMD( )  
Cref: stiffness tensor of the virgin material (prior to loading). C(D): damaged stiffness tensor 





Table 2. Probability Density Functions (P.D.F.) 
assigned to the Damage Parameters (Random Variables R.V.) 
R.V. P.D.F. Mean Std. Deviation Min. Max. 




-30 MPa 0.07 MPa -33 MPa 0 MPa 
C0 log-normal 20 kPa 1.00 8.1 kPa  
C1 log-normal 274 kPa 9.0 260 kPa 32 MPa 
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